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We mainly follow section 1 of [I].

1 Electric charges, monopoles and dyons
Consider a U(1) gauge field with gauge potential and field strength
A=A,ds", F= %F,“, dzt A da” . (1)
The gauge transformation is
A— A+igtdg=A—dy, (2)
where g = ¢’X € U(1) and x ~ x + 27. A scalar filed gauge transforms as
¢ — "X, 3)
and the covariant derivative is
D¢ =09+ inA,d. (4)

If we couple this Maxwell theory to an electric charge (with integer value n), that sits stationary at
the origin, the action reads
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From the field equation for A, we can read off
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Defining the dual filed strength
1 ~ 1
*F = 5(*F);w de¥ ANdat , (%F)py = F = §ew,p[,F”", (7)
we can rewrite the integral in (@ as
4 - 4
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Consider now a gauge field configuration, such that on the northern and southern semisphere gauge
fields are related by gauge transformation on the the equator

Ay = Ag +ig~tdg . 9)

We can evaluate the following integral
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and conclude that this configuration constitutes a magnetic monopole with charge m, situated at
the origin. A particle that carries both electric and magnetic charge is called a dyon. One can show
that when we have two dyons, say with charges (n,m) and (n’, m’), the overall z-component angular
momentum is given by

h
L,= E(nm’ —mn'). (11)

Since, angular momentum is quantized, this also constitutes the Dirac quantization condition.

2 S-duality

Consider an “electric” theory coupled to electric current

S = /d4x (Q;FWFW - A#jg‘) : (12)

Viewing the field strength F},, as the fundamental field, the field equation and the Bianchi identity
can be written in a gauge invariant way
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O, F" =0, dxF=0.

Both of these equations can be obtained as field equations if we view F* and FR' = aFH as
independent variables and introduce a Lagrange multiplier as

LV 1 v
S = /d4 (2 S F 4 Augt + %Af}aqu ) (14)

Varying the action with respect to A, and A2 we indeed obtain . The Lagrange multiplier term
can be integrated by parts and the action takes the form
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S = /d (22 “’FW—?F}; FW+AHJQ>. (15)
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At this point we can also introduce a magnetic current to the action

v 1 LV
S = /d4 (2 S E,, — EFE Fo + Ayl +ADJm>. (16)



upon which the equations of motion take the form
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In the previous section we already saw how to derive charge quantization conditions from the field
equation, namely:
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Comparing to GD we see that we must have 37”01 = 1. Further the most sensible choice is o = g,
D
such that
/ Fp =2mn, F=2mm. (19)
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Thus, we have the relation
41 4
S =1. (20)
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We see that there is a duality of the equations of motion, called S-duality

S ) () @

On the charges and on the complexified coupling
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S-duality acts as

3 T-duality

Suppose that we have a neutral real scalar field ¢, and that the gauge part of the action is given by
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Maxwells equations now read

d(e(t;QF—l-eQ(f)*F) -0,

d+«F =0.

(25)



As before we can calculate
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We see that the same magnetic field as before satisfies Gauss’ law, but there is modified conserved
electric field
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Econserved - WE + ?B . (27)

When we move around ¢ in the moduli space, the coupling and the #-angle change. To keep the
integer n constant, £ acquires contribution from B. This is called Witten effect. Under S-duality
Maxwell’s equations read

d(MFD+ 0p(9) *FD) _o0.

ep(®)? 2m (28)
d FD =0.
In particular, we see that
4r 6(9) 1
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where we have extended the definition of the complexified coupling to incorporate the #-angle
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With the 6 angle present there is another duality (on the quantum level) originating from the fact
that under the shift (¢) — 0(¢) + 2, the O-term in the Euclidean path integral is shifted as

1 ~ .
exp (i/d4:108Fm,FW> = exp (iﬁ/d4:v cl(F)Q) =2k — (31)
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for integer k. We call this transformation T-duality. On the charges and complexified coupling it

acts as
)6 (). et e

where the action on the charges can be easily deduced from following the action on Econserved. We
see that T-duality and S-duality, taken together generate an SL(2,Z) action on the complexified
coupling

T —
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= d) € SL(2.2). (33)
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