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We mainly follow section 5 of [I].

Supersymmetric actions can be constructed as igtegrals over superspace of functions of super-
fields. Integrals over the Grasmann variables 6 and 6 are related to derivatives as

1, Y
/d20 =€ 50,05 , /d29 = P00 . (1)

We denote the following integral over §’s and 6’s as

/ d?0d?0 = / d*e . (2)

1 N =1 Actions

1.1 Matter Actions

The most general N' = 1 matter Lagrangian involving four Grasmann integrations and one chiral
superfield is

/d49 K(®,®), (3)

where the function K (®,®) is called Kéhler potential. It can be shown that if we want a super-
symmetric invariant theory, with equations of motion of no higher than second order, the K&hler
potential is constrained to

K(®,®) = Z cmnimq)", Cnn = Coom s Cmn =0, n#m. (4)

n,m=1

Such a term in the Lagrangian is called a D-term. Note that there are no terms in the sum above
with n = 0 or m = 0, since the following transformation is a symmetry of the theory

K(®,0) = K(®,®) + A(®) + A(D), (5)

meaning that such contribution can be “gauged” away. The final condition in comes from de-
manding that K(®,®) has R-charge 0. Remember that

RO)=1, R[d)=-1, R[d0]=-1, R[dI =1, (6)



thus for the whole action to have R charge 0, the Kéhler potential shall obey
R[K] =0. (7)

If we want a renormalizable theory, all ¢,,,,’s should vanish, except ¢11. The resulting renormalizable
theory is a free theory.

The most general N’ = 1 matter Lagrangian involving two Grasmann integrations and one chiral
superfield is

/ 20T (®) + / LI (T) , (8)

where the function W(®) is holomorphic in ®. It is called superpotential and generically it is
constrained to be of the form

W(®) =" a,®". (9)
n=1
Further, for the whole action to have R-charge 0, then the superpotential shall have

RW] =2. (10)

If we want a renormalizable theory the upmost term in @ shall be ®3. A term like in the
Lagrangian is called an F-term.

All that was said so far can be generalized to a set of n chiral fields ®=!+". The renormalizable
matter Lagrangian is then given by

e = [aox@ @)+ [@owie) s [@m@,),
K(®',®;) = @@, W(®')=a;® + %mijéiqﬂ + %gijkqﬂqﬂ@k .
This Lagrangian can be readily evaluated in terms of the basic fields
LIS = 0,5,0"01 + £ (000", — Wi 0,T,) + FuF — Wi — Wiyl — WiFs = S,
(12)

where we have defined

oW (o)
gt

*W (¢)

W= 9506 °

Wi=W,;, W;= W4 =W,;. (13)

Notice that when the expressions above are evaluated the argument of W is taken to be ¢ instead
of ®. We can eliminate the auxilary field using its equations of motion

F,=W,;, F‘=W¢, (14)

and arrive at the on-shell Lagrangian

_ g L . _ 1 R O
fgggtr;] on-shell — 8ﬂ¢iaﬂ¢l + 5(@#’10#1/% - Wa“auz/}i) - W,W" — EWijwzi/J] - iwl%/’iwj ) (15)



from where we can read off the scalar potential
V(¢i=$i) =W,W'= Z

i=1

ow
0’

2
=F;F", (16)

where the final expression shall be taken off-shell.

The whole story be generalized for a o-model, aka non-renormalizable Lagrangian, which might
be relevant for constructing low energy effective theories. We just give the final result which reads
for the on-shell action

‘Cgl_arurtl?e(i?lon—shell = K;au¢1aﬂ$j - (K_l)zsz] + fermions, (17)
where similarly to the superpotential we have defined
- O’K(6, 6
Ki= 2K@.9) (18)
9695,

This quantity is Hermitian KZJ = K;T, since K (¢, ¢) is a real function. Moreover it is positive
definite and non-singular. Thus, it can be interpreted as a metric on the scalar manifold M. It is

known as Kahler metric. The scalar potential is given by

V(6,8) = (K~ )W (19)

1.2 Gauge Action

To construct the most general A/ = 1 action involving only gauge fields one uses the gaugino
superfiled, since it carries the field strength. The superYang-Mills action involving one gaugino field
is given by

Lsym = 11m(7 / d20 TrW"‘Wa>
327

1 y <~ 1 Oy mr S
=Tr |:4FuVFH - Z)\O—#Du)\ + §D2 + 3271'2 gQFp,z/FM 5 (20)

where the trace is over the matrices that enter in the Lie algebra of the gauge group in the adjoint
representation and we have introduced the complexified coupling

47 HYM

= . 21
T g2 2r (21)

This Lagrangian might look like an F-term but in fact, it is a D-term since we can write
/d29 WoW, = /d40 DV W, . (22)

1.3 Gauge Field Coupled to Matter

Suppose that the matter fields transform in a representation R of a semi-simple gauge group G, such
that the Lie algebra generators are expressed as matrices (TJ‘%);7 with 4,5 = 1,...,dimR. A chiral
superfield gauge transforms as

D= MO, Ap=ATE. (23)



The most general N/ = 1 gauge invariant and susy invariant matter action coupled to a vector
multiplet contains the following D- and F- terms

Lo = / A9 Be2Vrd 4 / Q20T (@) + / STV (), (24)

where we are suppressing the gauge group indices, Vg is a vector superfield in the representation R,
and in the superpotential a term like

Cih”_in(pil e (I)i" (25)

is only allowed if ¢;,,. 4, is an invariant tensor of the gauge group and R*™ contains the singlet
representation of G. The total Lagrangian £ = Lgym + Lmatter can be explicitly evaluated exactly
as we did before and the scalar potential can be read out

2
V(6.9) = W' + 237 (61507 (26)
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